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Aqua Slide: An Underwater Leveling Motion
Scheme for M-UAAV Utilizing Singularity

Dongyue Huang , Graduate Student Member, IEEE, Minghao Dou , Xuchen Liu , Xinyi Wang ,
Chenggang Wang , and Ben M. Chen , Fellow, IEEE

Abstract—The underwater leveling motion control of a
morphable unmanned aerial–aquatic vehicle (M-UAAV) is
essential but lacks an elegant solution. In this article, a
scheme named Aqua Slide is proposed for Mirs-Alioth,
our predeveloped M-UAAV prototype, to achieve underwa-
ter leveling motions by utilizing singularity. For the first
time, the singular thrust tilt angle (STTA), i.e., the tilt angle
that causes a vehicle to reach singularity, is characterized
and defined. For underwater leveling motion generation,
STTA is utilized as a key tool. Crucial factors of these
motions, i.e., the existence of control direction uncertainty,
and coupling effects are identified. Aqua Slide is proposed
to tackle the crucial factors in generating underwater lev-
eling motions, consisting of an STTA controller, a primary-
auxiliary switch, and an auxiliary controller incorporating
the saturated Nussbaum function. A simulation environ-
ment, enriched with a detailed model, is established using
a Gazebo and hardware-in-the-loop (HITL) configuration.
Under similar control parameter settings, full-cycle Gazebo-
HITL simulations and experiments reveal the effectiveness
of the approach. The vehicle maintains the attitude within a
maximum of 5◦ during the whole procedure. Meanwhile, the
ablation studies in Aqua Slide highlight the indispensability
of the submodules in the approach. The absence of any
module results in undesirable or even divergent behavior of
Mirs-Alioth during underwater leveling motions. The prelim-
inary exploration in this article elegantly solves the issue of
generating underwater leveling motion for an M-UAAV and
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provides a referential solution for transitioning from simu-
lation to real-world applications. Video attachment: https://
youtu.be/XpViXL0qcvk.

Index Terms—Attitude control, marine vehicles, mor-
phable unmanned aerial–aquatic vehicles (M-UAAVs), un-
manned aerial vehicles (UAVs).

I. INTRODUCTION

VARIOUS unmanned aerial–aquatic vehicles (UAAVs) are
developed for accomplishing aerial and aquatic multi-

disciplinary tasks to alleviate human labor [1], [2]. Due to
the structural characteristics of UAAVs, they hold significant
potential for various industrial applications, such as 3-D cross-
domain networking and heterogeneous multimarine robot col-
laboration [3], [4]. This has led to increasing attention in
UAAVs. Compared with the fixedly tilted rotors UAAVs like
[5], [6], [7], a series of morphable UAAVs (M-UAAVs) are pro-
posed to improve maneuverability for underwater locomotion.
For example, [8] is an over-actuated M-UAAV, [9] has no under-
water maneuverability, and [10], [11] are M-UAAVs with one
side of rotor tiltable. Differently, to guarantee a proper weight
for aerial flight, we developed an under-actuated M-UAAV,
referred to as “Mirs-Alioth” [12]. It has a tiltable component to
change all rotors’ direction in a coupling mechanically-linked
manner [13], as shown in Fig. 1. Detailed mechanical descrip-
tions are found in [14].

Leveling motion is crucial and necessary in industrial tasks
such as inspection and tracking involving UAAVs. Because
large attitude changes can disrupt onboard sensors like cameras.
This leads to issues such as motion blur or ego-motion failure,
which complicates exploration and monitoring efforts [15]. The
leveling motion allows the vehicle operate movement keeping
the attitude level, as shown in Fig. 1. Tan and Chen have roughly
and briefly pointed out specific thrust tilt angles that result in
no torque acting on the fuselage, leading solely to translation
in Mirs-Alioth [16]. Since these cases meet the definition of
singularity in robotics [17], these configurations are referred
to as singularities. The thrust tilt angle causing singularity is
termed the singular thrust tilt angle (STTA), which serves as a
key tool for generating underwater leveling motion.

Many studies focus on achieving the leveling motion of simi-
lar robotics to Mirs-Alioth. To our knowledge, the only research
achieving leveling motion in an under-actuated M-UAAV pro-
totype is [10], and in an under-actuated underwater robot, [18].
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Fig. 1. Snapshot of the prototype M-UAAV with the coupling tilting
mechanism: Mirs-Alioth operating in underwater leveling motion.

The former used simpler fixed tilt angles corresponding to
different modes, while the latter employed switching control
between predefined fixed thrust angles. The lack of continuous
tilt control leads to reduced actuation efficiency, increased vi-
bration, and sometimes divergence. On the other hand, some
studies have successfully achieved leveling motion in under-
actuated tilt tri-rotor UAVs using adaptive control [19] and mod-
ified sliding mode control [20]. However, two key differences
in their locomotion design limit their applicability to Mirs-
Alioth. First, the operating environments and configurations
differ significantly. Second, the tilting mechanisms vary across
designs. For instance, [19] features two front rotors that tilt
forward, while the rear rotor tilts laterally in [20], allowing these
robots to perform leveling motions only in either forward or
lateral directions, not both.

Therefore, a suitable approach to achieve the underwater lev-
eling motions for Mirs-Alioth is necessary. Generally, singular-
ity is avoided in fully/over-actuated tilt-rotor UAVs and tiltable
underwater robotics due to the complications it introduces to
the system [21]. Relevant references include [21], [22], [23],
[24], [25] for UAVs and [18], [26], [27] for underwater robotics.
On the contrary, for Mirs-Alioth, singularity is leveraged as
a beneficial feature. As an under-actuated system, it cannot
completely decouple linear and angular motions. Yet, the singu-
larity allows angular motion to be isolated from linear motion at
certain thrust tilt angles. Additionally, the buoyancy alleviates
the burden of thrust in the vertical direction. Integrating the
above factors makes such motions feasible. Consequently, a
controller that ensures the thrust tilt angle lies within the STTA,
leveraging its singularity property to prevent angular motion
generated by operating on the fuselage, is designed to generate
the described motions.

However, utilizing the above controller exclusively leads
to challenges. For example, the coupling-tilting mechanism
permits underwater leveling motion in forward and lateral
directions but increases control complexity, such as control
directional uncertainty and coupling effects. To the best of
our knowledge, this article is the first to raise the issue
of control directional uncertainty in the control of UAAVs.
Therefore, this article proposes the integration of a Saturated
Nussbaum function [28], [29] and an auxiliary controller to
address these problems. These elements mitigate control di-
rectional uncertainty and coupling effects. Furthermore, the
controller is designed under a switching-based framework

Fig. 2. Mirs-Alioth. (a) Snapshot of the prototype working underwater.
(b) Rendering CAD model in the Gazebo-HITL simulation.

[30], allowing for efficient transitions between forward and
lateral motions.

To this end, this article proposes a novel scheme by singu-
larity for M-UAAV to achieve underwater leveling motions.
The scheme, named Aqua Slide, is developed, simulated, and
experimentally validated to generate underwater leveling mo-
tions. Aqua Slide addresses crucial problems of underwater
leveling motions for our prototype, Mirs-Alioth, by employ-
ing various sub-modules. These include handling variations
in STTA between roll and pitch, managing uncertainty in the
control direction, and mitigating the coupling effect. Mirs-
Alioth achieves underwater leveling motions through its sub-
modules, specifically the STTA controller for uni-directional
leveling motion, the auxiliary controller and Nussbaum func-
tion to handle coupling and directional uncertainties during
turns, and the switch to transition between forward and lateral
locomotion. Simulations are conducted within a self-developed
Gazebo-hardware-in-the-loop (HITL) framework, with phys-
ical experiments based on the same controller parameters.
Cross-validation confirms that the proposed approach effec-
tively enables an under-actuated M-UAAV to generate under-
water leveling motions in forward or lateral directions. This
article also conducts ablation studies to demonstrate the in-
dispensability of sub-modules in managing control directional
uncertainty and coupling effects.

The remainder of the article is organized as follows. Sec-
tion II illustrates the mathematical model. Section III introduces
the derivation of STTAs and analysis of underwater leveling
motion based on STTA. Section IV introduces the details about
Aqua Slide. Lastly, validations in the Gazebo-HITL simulation
and experiment are conducted in Section V.

II. MATHEMATICAL MODEL

In this section, a fundamental model description of Mirs-
Alioth is given, with decoupled motion models. Assuming the
vehicle is fully submerged, Fig. 2(b) introduces two reference
frames: the body reference frame (b-frame) affixed to the ve-
hicle body with its origin at the center of buoyancy (CoB),
denoted as Ob, and the inertial reference frame (e-frame) at
Oe. Define ν = [u v w p q r]T as the state, represented in the
b-frame, the pose variable η = [x y z φ θ ψ]T, both repre-
sented in e-frame, J = diag([Re

b,S
−1]) is the transformation

matrix [31].
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Following what is proposed in [32], the mathematical model
can be described as

η̇ = Jν (1)

Mν̇ +C(ν)ν +Dν + g(η) = τ + τΔ (2)

where M is the inertial matrix, C(ν) is the Coriolis and
centripetal matrix, D is the damping matrix, and g(η) is the
restoring force and moment vector. The elements Mij(i, j =
1, 2, . . . , 6) in the inertial matrix include the rigid part parame-
ters like the mass of the vehicle m and moment of inertial, such
as Izz. The added mass and inertial in hydrodynamics are also
included and expressed as Xu̇, Yv̇, Zẇ, Kṗ, Mq̇, and Nṙ. The
damping coefficients are defined as Xu, Yv, Zw, Kp, Mq, and
Nr. More details are found from (30) to (36) of [33].

Besides, τ = [F b M b]
T is the input vector of generalized

force and moment, followed by τ = B̄(β)u. In this context,
both β and u serve as inputs in this system, with β adjusting the
thrust tilt angle and u dictating the motor speeds. Specifically,
β represents the symmetric thrust tilt angle, which varies from
−π/2 to π/2, and is detailed in [16]. Additionally, the input
vector is defined as u=�2

i (i ∈ 1, 2, 3, 4), where �i signifies
the rotational speed of each of the four motors. And τΔ is
the lumped vector including model uncertainty and external
disturbances, followed by τΔ =ΔBu. Then the control effec-
tiveness matrix (CEM) is as follows

B(β) = B̄(β) + ΔB =

√
2

2

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

(cβKT +
√

2Δx) · ex

(cβKT +
√

2Δy) · ey

−
√

2(sβKT −Δz) · ez

(k1(β) +
√

2Δφ) · eφ
(k2(β) +

√
2Δθ) · eθ√

2(k3(β) + Δψ) · eψ

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(3)

with

k1(β) = l · sβ ·KT + cβ(KM − ztKT) (4)

k2(β) =−l · sβ ·KT + cβ(KM + ztKT) (5)

k3(β) =KTl · cβ − sβ ·KM (6)

where s(·), c(·), t(·) denote sin(·), cos(·), and tan(·) respectively.
Half wheelbase is denoted as l, and force/torque coefficient of
motor is denoted as KT and KM, and zt denotes the distance
from the force plane to Ob. Besides, ex ∈ �4×1 denotes the unit
directional row vector for x direction, so as the other states,
where ez, eφ, eθ, and eψ are linearly independent. Moreover,
Δx denotes the parameter in the x-direction of the uncertain
matrix ΔB, Δy in the y-direction, and so forth, which are all
unknown.

Then the equation of motion can be reorganized as

η̈ = J̇ν + Jν̇ =Be(β)u+ f(η, η̇) (7)

where

Be(β) = JM−1B(β) (8)

f(η, η̇) = (J̇ − JM−1C − JM−1D)J−1η̇ − JM−1g(η).
(9)

Due to its symmetrical features, Mirs-Alioth can be decou-
pled into several subsystems for easier analysis, as commonly
done in complex nonlinear systems as illustrated in [34]. Then
the subsystem model can be shown as

η̈i =Bei(β)ui + f(ηi, η̇i) (i= 1, . . . , 4). (10)

Different subsystems, each with specific input constraints,
are represented based on the selected index i, where i= 1
corresponds to the longitudinal subsystem, and so on. Specifi-
cally, the longitudinal subsystem has states η1 = [x z θ]T. The
transverse subsystem has states η2 = [y z φ]T. The heading sub-
system is represented by the yaw angle η3 = ψ, and the heave
subsystem is defined solely by the vertical position η4 = z.

III. SINGULAR THRUST TILT ANGLE

In this section, STTA is defined and derived from the model
established and then used to demonstrate and prove its capa-
bility for generating underwater leveling motion. Then three
crucial problems are further raised in the analysis part.

A. Definition and Derivation

The specific thrust tilt angle leading to the singularity is
defined as STTA. Intuitively, under STTA, there is no torque
generated by thrust on the body, except torque around z-axis.
Therefore, except for yaw, the thrust only leads to linear motion
without affecting the angular motion of the fuselage. Underwa-
ter leveling motion is described as maintaining a level attitude
while moving underwater. Therefore, motions based on STTA
align with the description of underwater leveling motion, posi-
tioning STTA as a significant tool in this study. These motions
include longitudinal/lateral slip (turning) motion. Mathemati-
cally, a clear definition of a collection of all STTAs of Mirs-
Alioth as T is given, containing four elements derived from
subsystem (10), combining with the definitions from (3) to (9)

T = {β∗
φ, β

∗
θ , β

∗
ψ, β

∗
heave} (11)

where⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

β∗
φ = arcsin

⎛
⎝f(Δy,Δφ)√

a2
φ + b2

φ

⎞
⎠− arctan

(
bφ
aφ

)
, (12a)

β∗
θ = arcsin

⎛
⎝f(Δx,Δθ)√

a2
θ + b2

θ

⎞
⎠− arctan

(
bθ
aθ

)
, (12b)

β∗
ψ = arcsin

⎛
⎝ Δψ√

a2
ψ + b2

ψ

⎞
⎠− arctan

(
bψ
aψ

)
, (12c)

β∗
heave = arcsin

(
Δz

KT

)
(12d)

with aφ =−lKTM22, bφ =M14KT −KMM22 + ztKTM22,
aθ = lKTM11, bθ =M15KT −KMM11 − ztKTM11, aψ =KM,
bψ =−KTl, f(Δy,Δφ) is the function of unknown disturbance
in the y-direction and φ-direction, and so fourth.

Proof: Detailed proofs are found in the supplemental ap-
pendix file. �
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B. Motions Analysis

In continuation of the previous definition and derivation, nu-
merous points for discussion are conducted for the underwater
leveling motion generation utilizing STTA as follows.

1) Operating on STTA: Specifically, observing (12), it is
clear that STTA is related not only to internal properties but also
to model uncertainties and external disturbances. This implies
that STTA is not a time-invariant value, making the values
obtained through measurement and modeling in the thrust tilt
angle control loop unreliable as desired values. Given the de-
scriptions of underwater leveling motion, the attitude angle can
be used as the state variable in the thrust tilt angle control loop.
This allows for real-time control of the thrust tilt angle to ensure
the vehicle can achieve underwater leveling motion, as detailed
in the STTA controller in Section IV. Additionally, referring to
the CEM (3), it is evident that for longitudinal slip motion, the
thrust tilt angle needs to operate on the STTA of pitch (β∗

θ ).
Similarly, for lateral slip motion, the thrust tilt angle should
work on the STTA of roll (β∗

φ). Moreover, it is evident that
β∗
θ �= β∗

φ implies that the control input β is not possible for both
the roll and pitch channels to simultaneously operate at STTA,
which is the motivation of a switch design illustrated in the
next section.

2) Coupling Effects/Control Directional Uncertainty: Gener-
ally, as illustrated in Section III, if the vehicle is positioned at
STTA, it can generate underwater leveling motions. According
to the description of subsystem, combined with two other in-
dependent subsystems, a series of composite motions can be
produced. For instance, by integrating the heading subsystem,
underwater leveling turning motion can be realized. However,
as indicated by (7), (8), and (9), the generation of pitch and
yaw angles will cumulatively produce a roll angle. Although
the vehicle is controlled to a no-pitch condition, there will
inevitably be some control errors and fluctuations. Therefore,
when generating its turning motion, additional attitude angles
will be induced, causing the vehicle to deviate. Thus, it is
necessary to consider incorporating an auxiliary controller to
ensure that the vehicle maintains a stable attitude angle even
when generating composite motions. However, when composite
motions are generated, other issues arise. Taking lateral slip
turning motion as an example when the thrust tilt angle is β∗

φ, a
pitch angle is superimposed, making the CEM of this channel
partially unknown according to (7). Hence, using the controller
to stabilize the pitch at this point can be considered a problem of
control directional uncertainty, which is the primary motivation
for using the Nussbaum function in Section IV.

IV. UNDERWATER LEVELING MOTION SCHEME

In this section, a detailed description of Aqua Slide is given.
The whole aquatic control strategy is outlined in Fig. 3, with
the Aqua Slide marked in blue color. Firstly, a mode-switching
term, utilizing δRC (inputs from the remote controller) and
zr (desired depth), facilitates transitions between operational
modes. It is designed as a logic algorithm to switch between dif-
ferent modes depending on signals from the remote controller.
Specifically, the mode switch algorithm operates as follows. If

Fig. 3. Overview of the aquatic control strategy diagram. Aqua Slide is
marked in blue color.

Fig. 4. Detailed scheme diagram of Aqua Slide.

zr is invalid, switch δ to δRC , deactivate the depth controller,
and activate alternative modes [16] or Aqua Slide. Otherwise,
reset δ to 0 and activate the depth controller. Except for the
STTA mode, which is controlled by the Aqua Slide, and depth
mode, some other modes are all open-loop. And the details are
found in [16]. Next, a depth control strategy using a cascaded
P-PID control scheme maintains operational depth. Addition-
ally, a computational block converts acceleration to body-frame
thrust [35].

The novel scheme, named Aqua Slide, detailed in Fig. 4, is
developed based on the analysis in Sections III-A and III-B.
It regulates the vehicle using the STTA/singularity, taking δ =
[δx δy]

T as the desired throttle components and outputting �+
i

as motor speed via an auxiliary controller.
As per the description of underwater leveling motion in Sec-

tion III, the desired attitudes are all determined as zero. As
presented in Fig. 4 and the analysis in Section III-B1, a PID
controller is specifically deployed for attitude regulation within
the STTA framework by

β =−sgn(δ)

(
KPβx+ KDβẋ+ KIβ

∫
xdt

)
(13)

where β = [βθ, βφ], KPβ , KDβ , and KIβ are the positive pro-
portional, derivative, and integral gains for controller, respec-
tively. sgn(·) is a sign function.

As the analysis in Section III-B1, a primary channel and
an auxiliary channel are introduced. An algorithm is proposed
for switching between each other depending on specific op-
erational scenarios. As outlined in the Algorithm 1, to pre-
clude the simultaneous execution of roll and pitch motions.
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Algorithm 1 Primary-Auxiliary Switch
1: Input: δx, δy
2: Output: β,�i

2, �+
i

2

3: if |δx| ≥ |δy| then
4: β = β∗

θ //Pitch is primary channel;
5: //Roll is auxiliary channel;
6: else
7: β = β∗

φ //Roll is primary channel;
8: †= θ //Pitch is auxiliary channel;
9: end if

10: �+
i

2
=H · (Normalize(M̃b));

11: �i
2 =H · δ +�+

i

2
;

This state machine serves a dual function: it not only en-
sures the mutual exclusivity of roll and pitch motions but
also facilitates the dynamic interchange between the primary
and auxiliary control channels, and passes the values to the
mixer module in PX4 flight stack eventually [35]. The de-
fined H ∈ �4×2 is a modified mixer matrix, constructed by
selecting the roll and pitch channels from the standard mixer
matrix.

In addition, as the analysis in Section III-B2, an auxiliary
controller is designed to ensure the stability of the auxiliary
channel while the primary channel is regulated by the controller
in (13). This is further complicated by the uncertainty in the
control direction, which is due to the variable nature of Be,
as outlined in (7). A saturated Nussbaum gain function is em-
ployed as

M̃ b =N (ζφ, ζθ)uaux (14)

N (ζφ, ζθ) = diag[N (ζφ),N (ζθ)] (15)

N (ζ†) = Sat(N̄ (ζ†)) (16)

N̄ (ζ†) = cos
π · ζ†

2
· eζ2

† (17)

ζ̇† = Kζ,† · |bω†| · |uaux,†| (18)

where † ∈ [φ, θ] stands for the specific element index in a vector.
The current angular velocity is denoted as bω†. The standard
Nussbaum function is defined as N̄ (ζ†), with ζ as the state of
this function, modulated by a gain Kζ,† for the channel of †.
Notice uaux,† is an element of input uaux of a channel of †, and
Sat(·) is a saturated function.

Moreover, the uaux is the output of a cascade P-PID con-
troller, which can be expanded as

ẋd =−KPxx (19)

uaux = Kp(ẋd − ẋ) + Kd(ẍd − ẍ) + Ki

∫
(ẋd − ẋ)dt (20)

where ẋd is the output of the P controller and also the desired
value of the PID controller, KPx is the proportional gain matrix
for attitude auxiliary controller, Kp, Kd, and Ki are the pro-
portional, derivative, and integral gains matrix for attitude rate
auxiliary controller, respectively.

A. Nussbaum Function

From [28], a function can be treated as a Nussbaum function
if it has the property shown as follows:

lim
s→∞

sup

∫ s

s0

N̄ (ζ†) = +∞, lim
s→∞

inf

∫ s

s0

N̄ (ζ†) =−∞.

Throughout this article, an even standard Nussbaum function
is considered in (17).

Remark 1: From the property that a standard Nussbaum func-
tion has shown above, it is obvious that the saturated Nussbaum
function (16) is bounded.

B. Stability Analysis

Due to the characteristics of Algorithm 1 and the previously
described model, the stability proof of the entire attitude loop
can be divided into two parts. One part addresses the stability
of the primary channel, while the other deals with the stability
of the auxiliary channel. We consider the case where φ is the
primary channel and θ is the auxiliary channel. An assumption
is given based on the requirement that the leveling motion is to
be generated by the vehicle.

Assumption 1: The Euler angles are treated as minor values.
Therefore, sφ ≈ φ, cφ ≈ 1, the same for θ.

Assumption 2: The lump uncertain matrix in (3) is contin-
uously differentiable, and they and their time derivatives are
bounded, in such that supt≥0 |Δφ|<∞, supt≥0 |Δθ|< Δ̄<
∞, Δ̄ is an unknown constant.

1) Primarily Channel: Under the Assumption 1, based on
(1)–(2), (3), (14) and Algorithm 1, the model of the main
channel can be described as a nonaffine uncertain nonlinear
model

φ̇= p (21)

ṗ= fp(φ, p, βφ,Δφ) (22)

with

fp(φ, p, βφ,Δφ) =
1

M44
(−(Irrr −Nṙr)q −Kpp−ΔzBφ

+ (k1(βφ) +
√

2Δφ)δy. (23)

where Δz is the distance between CoG and CoB.
Then we define a function space,

F =

{∣∣∣∣
∂fp

∂φ

∣∣∣∣≤ΔzB,

∣∣∣∣
∂fp

∂p

∣∣∣∣≤Kp,
∂fp

∂βφ
≥ b,

∣∣∣∣
∂fp

∂βφ

∣∣∣∣≤ b, ∀φ, p, βφ

}
(24)

where 0 < b≤ b are constants. We neglect the stochastic terms
present in the original work [36]. Therefore, the key parameters
N1 and N2, are treated as arbitrary positive constants.

A parameter set is further defined

Ω=
{
k2

pβφ > 2kiβφkdβφ + k̄ +N 2
1 kdβφ/b

k2
dβφ > kpβφ/b+ k̄ +N 2

2 kdβφ/b
}

(25)

where k̄ � (ΔzB +Kp)(kpβφ + kdβφ)/b.
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Theorem 1: ([36], Them. 3.6) Consider a system (21)–(22).
Under the Assumption 2, then for any PID control parameters
(kp, ki, kd) ∈ Ω, such that the nonlinear uncertain function f ∈
F , any constant setpoint φd, any initial state φ0, p0, the closed-
loop system is globally stable and regulated.

Remark 2: From Theorem 1, we can easily deduce that when
the PID parameters satisfy the required conditions stated above,
the controller (13) ensures the global stability of our system
(21)–(22).

2) Auxiliary Channel: Next, we discuss the stability of the
auxiliary channel. We first give the following lemma.

Lemma 1: [37] Let V (·) and ζ(·) be smooth functions defined
on [0, tf ] with V (t)≥ 0, ∀t ∈ [0, tf ], N̄ (·) be an even smooth
Nussbaum-type function, c0 > 0 and c1 > 0 are suitable con-
stants, α(τ) be time-varying parameter which takes values in
the unknown closed intervals L= [l−, l+], with 0 /∈ L. If the
following inequality holds:

V (t)< c0 + e−c1t

∫ t

0

(
α(τ)N̄ (ζ(τ)) + 1

)
ζ̇(τ)ec1tdτ

then V (t), ζ(t), and
∫ t

0 (α(τ)N (ζ(τ)) + 1) ζ̇(τ)ec1tdτ must be
bounded on [0, tf ].

Remark 3: Lemma 1 holds for the standard case of Nussbaum
function (17). It is evident that when the Nussbaum function has
upper and lower bounds as illustrated in Remark 1, Lemma 1
remains valid.

The auxiliary channel model is described as

θ̇ = q (26)

q̇ = fq(q, θ) + bN (ζθ)uaux,θ (27)

where b= (k2 +
√

2Δ)/M55, fq(q, θ) = (−C5p−Mqq −
ΔzBθ)/M55.

From the controller from (19) to (20), we define the error
e= qd − q, and the PID parameters Kp = 10γKd, Ki = γ2Kd.
Then the input can be reorganized as

uaux,θ = KdE (28)

where E ∈ R and E = 10γe+ γ2
∫
e dτ + ė, γ is a user-

designed positive parameter making e2 + 10γe+ γ2 is Hur-
witz. It is provable that the boundedness of E ensures the
boundedness of each element [38]. Therefore, one can trans-
fer the target from e to make sure E is globally uniformly
ultimately bounded (GUUB). Then the derivative of E can be
organized as

Ė = 10γė+ γ2e+ ë

=−KPθbNuaux,θ + 10γė+ γ2e− KPθfq − q̈

= BNuaux,θ +H(q) (29)

Property 1: There exist a nonnegative constant af and a
nonnegative scalar function ϕf, such that |fq(q, θ)| ≤ afϕf.

Therefore, according to Property 1, (29) is upper bounded as

|H(q)| ≤ aϕ(·) (30)

where a is an undetermined constant and ϕ(·) is a computable
scale function, with a= max{KPθaf, 10γ, γ2} and ϕ(·) =
ϕf + |ė|+ |e|.

Theorem 2: Consider a system that described by (26)–(27).
If the controllers (19)–(20) have parameter settings that locate
in a parameter set

Ωq = {1 ≤ Kζθ, aϕ
2(·)≤ KζθKd,

0 < γ ≤ KPθ + 1} (31)

and the system possesses Property 1, GUUB tracking error of
the system can be ensured.

Proof: Consider the following Lyapunov function
candidates:

V1 =
1
2
E2. (32)

With (28), (29), and (30), the time derivative of V1 is

V̇1 = EĖ = EH(q) + BKdN (ζθ)|E|2

≤ aϕ(·)|E|+ BKdN (ζθ)|E|2

≤ aϕ2(·)|E|2 + a

4
+ BKdN (ζθ)|E|2. (33)

With tuning the PID parameters into the parameter set (31), then
the inequality holds

V̇1 ≤ KζθKd|E||q|+ BKdKζN (ζθ)|E||q|+ a

4

≤ (BN (ζθ) + 1)ζ̇ +
a

4
. (34)

Let c1 > 0 being a constant and multiply (34) by ec1t and
integrate both sides of it in [0, tf ] yields

V1(t)≤
a

4c1
+ V1(0) + e−c1t

∫ t

0
(BN (ζθ) + 1)ζ̇ec1tdτ. (35)

Since V1(0) and
∫ t

0 (α(τ)N (ζ) + 1) ζ̇ec1tdτ are bounded,
then from (32) and (35), it can be concluded that

lim
t→∞

1
2
|E|2 ≤ a

4c1
(36)

implying that |E| converges into a residual set {|E|||E| ≤√
(a/2c1)} ultimately. Similarly, e ultimately converges to a

small residual set. Clearly, for the strict-feedback system (26)–
(27), given that θd = 0, under the time scale separation assump-
tion and KPθ ∈ Ωq , θ converges to a small residual set. �

V. VALIDATION: SIMULATIONS AND EXPERIMENTS

Based on the proposed control framework, the simulations
and experiments are introduced in this section. A brief intro-
duction to the Gazebo-HITL setup is given. Then simulations
of the entire cycle and two comparative tests were conducted
on a self-established simulation platform, followed by physical
experiments replicating these tests.

A. Gazebo-HITL Simulation

Even though existing various simulations for both aerial or
underwater robotics [39], [40], their works are based on Matlab
or without considering the real onboard computational units. To
narrow the gap between the simulation and the physical proto-
type, we built a simulation environment using a HITL setup
with Gazebo 11.3 and Pixhawk 4 Mini, and the comparative
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Fig. 5. Setup of the Gazebo-HITL simulation.

figures between the prototype and the simulation are found in
Fig. 2. Concretely, the setup of the simulation architecture is
shown in Fig. 5.

First, the identified parameters of the mathematical model
used in the Gazebo simulation [33]. Secondly, the proposed
controllers run on the Pixhawk flight controller but interact with
the simulation through serial interfaces. The simulation covers
as much as possible components in the prototype, including the
effects of the hydrodynamics and the coupling. Except that, the
noise and the computational capabilities of the flight controller
are also considered. In addition, under the premise of satisfying
the PID function space (25) and (31) discussed in the stability
analysis, we designed the PID parameters for the simulation
and made slight adjustments based on the response results
Table I.

Fig. 6 illustrates the trajectory of the simulation and Fig. 7
presents a detailed response of each state. Specifically, as shown
in the yellow section of Fig. 7, the roll channel is the primary
channel for generating lateral slip turning motion. This is in line
with Algorithm 1, where β = β∗

φ at this point. At 25 s, the auxil-
iary controller within the control framework stabilizes the pitch
angle generated by the compounded yaw angle. Although the
Nussbaum function introduced approximately 5.7◦ of overshoot
in compensating for the issue of control direction uncertainty, it
ultimately stabilizes the entire system. In terms of the response
of the roll channel, the approximately 12◦ of overshoot originate
from the switching process between different modes.

Under the same conditions, the control situation of roll and
pitch angles without introducing the Nussbaum function in the
auxiliary controller can be observed from Fig. 9. This compara-
tive simulation disables the Nussbaum function at point “a” and
leads to pitch angle non-convergence until it re-enables at point
“b”. Since the roll angle is not the control target of the auxil-
iary controller, its influence is minimal throughout the process.
Additionally, the curve in the blue and purple area indicates
that focusing on STTA of the pitch with the STTA controller
also stabilizes roll via the auxiliary controller. Additionally, as
shown in Fig. 8, the CPU loading throughout the simulation cy-
cle remains relatively low, ranging from a minimum mean value
of 57.33% to a maximum mean value of 58.33%. There are
slight fluctuations in CPU loading under different modes. The
blue and yellow modes require more computational resources

than the green and gray modes. In general, the more modules
of Aqua Slide that are invoked, the more CPU resources are
consumed. Two comparative simulations in Fig. 10 shows that
without this auxiliary controller, the secondary channel grows
with the turning radius and fails to converge to zero.

B. Physical Experiments

Guided by the parameters setting in the Gazebo-HITL sim-
ulation stated in the last section, a series of parameters for
controllers are determined as shown in Table I. As illustrated
in Fig. 11, the physical experiment encompassed a complete
cycle of lateral slip turning mode followed by longitudinal
slip (turning) mode. The flight controller shown in Fig. 5 is
transplanted in the prototype to finish the physical experiments.
From Fig. 11(b), both the roll and pitch angles undergo minimal
changes throughout the cycle, with the peak values of both
angles not exceeding 5◦. Before 10 s, the vehicle performs
a lateral slip turning mode, transitioning to longitudinal slip
(turning) mode thereafter.

Throughout the process, Aqua Slide demonstrated real-time
performance despite perturbations from by the long mechanical
transmission chain or process during switching. As shown in
Fig. 11(b), during mode switching at 10 s, the thrust tilt angle
shifted from β∗

φ to β∗
θ , and within 2 s, Aqua Slide stabilized

the attitude angle. After 12 s, multiple longitudinal slip turning
motions were performed, and the control system quickly sup-
pressed the coupling effects. For example, between 30 and 32.5
s, the vehicle experienced wall effects causing roll oscillations
within [−4.9◦, 3.44◦], but these were stabilized within 1.5 s.
Although minor fluctuations in pitch and roll still existed after
stabilization, they were generally negligible. The experiments
in Fig. 11 were conducted in a confined environment, where
boundary effects influence Mirs-Alioth’s operation. It demon-
strates resistance to boundary-induced disturbances, confirming
the effectiveness of our proposed scheme in confined spaces.

Furthermore, the outputs of the Nussbaum function, are de-
picted in Fig. 11(b), indicating that it effectively compensates
for the problem of control direction uncertainty. One notices
that the pitch channel exhibits both positive and negative ad-
justments, whereas the roll channel does not. This indicates
that when the roll channel serves as the primary channel, the
auxiliary channel (pitch) experiences control direction uncer-
tainty. Conversely, when the pitch channel is primary and roll
is auxiliary, no control direction uncertainty occurs. In this case,
the Nussbaum function primarily compensates for uncertainties
or nonlinearity.

Fig. 13 reveals the CPU usage of the flight control board
during the experiment when running Aqua Slide. It shows that
while the CPU loading fluctuates over time, the average remains
relatively low at 58.49%. Comparing this with the CPU loading
in the simulation, as shown in Fig. 8, the CPU usage in both
scenarios is very similar. This suggests that the gap between
the computational capabilities of the simulation environment
and the real robot is minimal. Consequently, it is feasible to
directly transfer the algorithm from the HITL simulation to the
physical robot.
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TABLE I
PARAMETERS OF CONTROLLERS FOR SIMULATION AND EXPERIMENT

KPβ KIβ KDβ KPx Kp Ki Kd Kζ

Simulation

[
5 0
0 5

] [
0.9 0
0 0.9

] [
0.5 0
0 0.5

] [
5 0
0 10

] [
0.1 0
0 0.1

] [
0.01 0

0 0.01

] [
0.01 0

0 0.01

] [
4.5 0
0 4.5

]

Experiment

[
2 0
0 1.5

] [
0.5 0
0 0.5

] [
0.1 0
0 0.1

] [
5 0
0 10

] [
0.3 0
0 0.9

] [
0.01 0

0 0.01

] [
0.01 0

0 0.01

] [
4.3 0
0 4.3

]

Fig. 6. Trajectory plots of the whole simulation cycle. Proceeded by
MATLAB of the Gazebo-HITL simulation in 3-D, side, and top view. The
vehicle begins with a vertical descent along the green line, performs a
lateral slip (turning) motion on the yellow line, spirals down, continues
with a longitudinal slip on the magenta line, spirals upward during a
longitudinal turning motion on the cyan line, and concludes with a vertical
ascent on the black line.

Fig. 7. Results of the whole simulation cycle. The colorful backgrounds
stand for various operating modes.

Besides, two comparative physical experiments are con-
ducted, one without the Nussbaum function and another with-
out an auxiliary controller as shown in Fig. 12. As shown in

Fig. 8. CPU Loading in the simulation cycle. Sharing the same legends
as the Fig. 7.

Fig. 9. Comparison simulation of with and without Nussbaum function.
The Nussbaum function is disabled at the point a and re-enabled at the
point b.

Fig. 10. Comparison simulation of without auxiliary controller under
different yaw inputs.

Fig. 12(a), when the vehicle is required to conduct lateral turn-
ing motion, it faces severe instability without the incorporation
of the Nussbaum function, rendering the attitude uncontrol-
lable. Moreover, the attitude results in Fig. 12(b) imply that the
roll and pitch angle of the vehicle increase dramatically. The
other comparative physical experiment, presented in Fig. 12(c)
and Fig. 12(d), demonstrates the importance of the auxiliary
controller. As observed in Fig. 12(c), even though the vehicle
does not experience the severe instability seen in the physical
experiment without the Nussbaum function, it still exhibits
significant attitude change during turns. It corroborates the anal-
ysis presented earlier and indirectly confirms the validity of
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Fig. 11. Physical experiment of both lateral slip (turning) motion and longitudinal slip (turning) motion. (a) Snapshots of lateral slip (turning) motion.
(b) Results of the complete lateral slip (turning) motion and longitudinal slip (turning) motion cycle. (c) Snapshots of longitudinal slip (turning) motion.
Colorful backgrounds correspond to different modes.

Fig. 12. Comparative physical experiments. (a) Snapshot of the fail moment in the physical experiment without the Nussbaum function. (b) Attitude
response during the experiment without Nussbaum function. (c) Snapshot of the moment the vehicle started rolling in the physical experiment
without the auxiliary controller. (d) Attitude response during the experiment without the auxiliary controller.

Fig. 13. CPU loading during the experiment.

the motion analysis. Specifically, the attitude results shown in
Fig. 12(d) reveal that before 8 s, the vehicle undergoes lateral
slip turning motion, followed by longitudinal slip motion. Com-
pared with the attitude angle changes in Fig. 12(b), the peak
pitch angle increases to 13◦, and the peak roll angle escalates
to 23◦. As described in Algorithm 1, when the roll is the primary
channel, the auxiliary controller operates on the pitch channel.
Therefore, during lateral slip turning motion, the pitch channel
experiences greater fluctuations due to the lack of assistance
from the auxiliary controller, and similarly for longitudinal
turning motion.

Additionally, an intriguing phenomenon is emerges: in the
simulations, the roll channel is minimally affected by disabling
the Nussbaum function, as shown in Fig. 9. However, in the
physical experiments, the impact is substantial, revealing that
the interplay among the attitude channels is significant. This

phenomenon is also reflected in Fig. 12(d), where during the
lateral slip turning mode phase, the roll, being the primary
channel, should not be affected by disabling the auxiliary con-
troller. Yet, compared to Fig. 11, the peak value of the roll an-
gle evidently exceeds 10◦. Therefore, the comparison between
these sets and the simulations highlights the critical role of
the Nussbaum function and the auxiliary controller in gener-
ating underwater leveling motion in an under-actuated tilting
M-UAAV.

VI. CONCLUSION

In this article, a novel scheme, Aqua Slide, for M-UAAV
in underwater leveling motion has been proposed that utilizes
singularity. The definition of STTA has been derived, theoreti-
cally utilized, and analyzed for generating underwater leveling
motions. Building on the analysis of the STTA, three key prob-
lems have been identified the existence of the STTA difference
between roll and pitch, controls directional uncertainty, and
coupling effect. On this basis, the outline of the Aqua Slide
has been proposed to tackle the key problems. The Aqua Slide
has been implemented onboard for both self-developed HITL-
Gazebo simulations and experiments of prototype Mirs-Alioth.
The vehicle is able to operate in underwater uni-directional
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leveling motion of the STTA controller and turn through the
auxiliary controller and the saturated Nussbaum function.

Furthermore, the cross-validation between the Gazebo-HITL
simulations and experiments has been conducted both in a
whole cycle test and two comparative tests with/without the
Nussbaum function and auxiliary controller. Simulations and
experiments have shown that the framework effectively pro-
duces underwater leveling motions, managing three key issues.
Attitude angle changes have remained below 5◦ during these
motions. Without the Nussbaum function and auxiliary con-
troller, comparative tests have revealed uncontrolled attitude
changes with peaks up to 23◦, underscoring the critical role of
these controls. Some limitations are obvious like no external
disturbance (like waves or wind) has been considered in the
simulation. Combined with the test pool experiments, this set-
ting is acceptable here but will be refined and open to the public
in the future.
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