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Abstract— This paper establishes a hybrid system model for
a morphable unmanned aerial-aquatic vehicle (UAAV), named
Mirs-Alioth, incorporating hydrodynamic parameters through
the first principle. Unlike other current UAAVs, variable thrust
tilt angles make Mirs-Alioth’s model mutable. Thus, this paper
directly employs geometric features of the vehicle, integrating a
morphing model into a comprehensive dynamics of the vehicle
and switching models between different media triggered by
depth. The comprehensive model parameters including the rigid
body part and the hydrodynamic part is then identified through
experiments and computational fluid dynamic (CFD) methods.

I. INTRODUCTION

In recent years, with the rapid development of the manu-
facturing industry, an increasing number of functional robots
have gradually emerged in our field of vision. Common
examples include ground robots (UGV), underwater robots
(ROV/AUV), and aerial robots (UAV), among others. These
robots have been developed to address various challenges
encountered by humans in production and daily life, such
as detection, search operations, and delivery services. As
the development of robots in single media environments has
matured over the years, attention has shifted towards cross-
domain unmanned platforms as illustrated in [1], [2], termed
as unmanned aerial-aquatic vehice (UAAV). Examples of
such platforms include the Loon Copter in [3], the Nezha
series platform in [4], [5], and the TJ-FlyingFish [6], [7].
Additionally, the coupling tiltable UAAVs developed by Tan
[8] and Huang [9] are also part of this focus.

Modeling, a critical first step post-acquisition of the me-
chanical structure platform, has seen varying degrees of
depth in previous morphable UAAV studies. For instance,
Tan in [10] and Dou in [11] presented a basic model
using Newton’s Law for morphable UAAVs, yet it lacked a
comprehensive treatment of time-varying hydrodynamics and
morphing components. Drawing from other UAAV modeling
efforts, the work done by Lu [12] on the Nezha III platform
stands out for incorporating hydrodynamic parameters. How-
ever, the non-morphable nature of their platform significantly
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Fig. 1: Snapshot of Mirs-Alioth working during transition.

simplifies the dynamics. Neto’s model [13] for his platform
encountered similar limitations. Moreover, Bi [14] tackled
the challenge of time-varying effects on stability by inte-
grating a model with time-varying hydrodynamic parameters,
albeit limited to cylindrical cabin shapes. Chen [15] offered a
more comprehensive model, but the transition between media
was simplified to linear density changes without thorough
theoretical backing. Ravell [16] employed an automata for
the hybrid system model, which, while innovative, risked
chattering due to state jumps.

Addressing the challenges highlighted, this article fo-
cuses on a morphable UAAV prototype named Mirs-Alioth,
developing a hybrid system model for it. Utilizing first
principle, we individually establish the vehicle’s model in air
and underwater, with depth-driven switching between these
states. To prevent chattering from frequent state changes,
as seen with automata, we define safe switching zones for
the model for smooth transitions. Moreover, we account
for the hydrodynamics and the dynamic changes induced
by morphing. Subsequent model parameter identification is
conducted through experiments and Computational Fluid
Dynamics (CFD). To this end, the main contributions of this
note are summarized as follows,

1) Establish the vehicle’s model for both aerial and
aquatic environments using first principles and define
safe switching zones to ensure smooth transitions be-
tween these states without chattering.

2) Incorporate the hydrodynamic part and the effects of
morphing on rigid part into the model and validate
these dynamic changes through experimental identifi-
cation and CFD simulations.

The rest of the paper is organized as: Section II introduces
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the frame of reference and notations, which are used in the
next modeling and disscusion. Section III gives a compre-
hensive model of the selected UAAV. After that, a detailed
identification is given in Section IV based on the established
model, including by using the method of experiments and
CFD.

II. FRAME OF REFERENCE AND NOTATIONS

In this chapter, four reference frames are introduced: the
body reference frame (b-frame), the inertial reference frame
(e-frame), the base frame (base-frame), and the propulsion
unit frame (p-frame), as shown in Fig. 2. On one hand,
the b-frame’s origin (Oy) is affixed to the center of gravity
(CoG). On the other hand, the e-frame’s origin (O,) is
affixed to the inertial plane in accordance with the North-
East-Down (NED) convention. Additionally, the origin of
a base coordinate system, denoted as Oy,ge, is affixed at
the centroid of the vehicle’s lowest plane. Furthermore, the
origin of p-frame is affixed to the centroid of the motor,
denoted as O,. Moreover, it should be noted that the vehicle
exhibits symmetry along the x and y axis, but not along the
z axis. Center of buoyancy (CoB) is the point at which the
buoyant force acting on a submerged body is considered to
be concentrated and the centroid of the vehicle according to
Archimedes’ principle.

%@y, % _0,(CoG)
BE- §

CoB <~~\

Fig. 2: Coordinates of Mirs-Alioth.

We define the state vector v = [Pv Pw]T, encapsulating
the vehicle’s velocity within the body frame (b-frame), where
bv = [u v w]T represents the body-fixed linear velocity
and Pw = [p ¢ 7|T denotes the body-fixed angular velocity.
And the symmetrically thrust tilt angle denotes as [ ranging
from —7/2 to 7/2 [8]. The pose variable n = [P ©]T
comprises the position P = [z y z|T and the attitude
represented by Euler angles ® = [¢ 6 ]T, both expressed
in the earth-fixed frame (e-frame). The transformation matrix
J = diag([R{, S™']) includes R, the rotation matrix from
the body frame to the earth frame, and S 1 the lumped
transformation matrix for angular velocity, as detailed in
[17], shown as

CypCo  CypCeSp — SyCp  SySp + CyCySe
Rle) = SypCo  SypSeS¢y T CyCy  —CySp + SyCepSe R
—Sp CoS¢ CoCyp

)

1 syty coto
St=10 ¢ —5¢ |, 2)
0 S¢/Ca C¢/C.9

where s(-) denotes sin, ¢(-) denotes cos, ¢(-) denotes tan.
Additionally, the rotation matrix from the p-frame to the
b-frame can be shwon as

1 cg—s c
5 5= 58 8
rR-Y2 | —sp s | 3)
0 \/505 —\/585

Additionally, the gravity and buoyancy forces acting on the
vehicle are denoted by G and B, respectively. Other crucial
parameters for the rigid body include the vehicle’s mass
m, the propulsion unit’s mass (comprising the motor and
propeller) m,, and various distances measured relative to the
vehicle’s center of buoyancy (CoB), base (Opase), and body
frame origin (Oy,). These distances include Az for the CoB
to Oy, 2p(B) for CoB to Opase, and zg () for Oy, to Opase.
Additionally, zg, represents the distance from the propulsion
unit’s center of gravity (CoG) to its rotation axis, and zgf
denotes the distance from the fuselage’s CoG to Opase-
The parameters 2y, and zy¢ indicate the distances from
the propulsion unit’s centroid and the fuselage’s centroid to
their rotation axis and Op,se, respectively. The displacement
volumes for the propulsion unit and fuselage are represented
by V, and V4, while dy marks the distance between the
propulsion unit’s rotation axis and Op,se. The distance from
the force plane to the CoB is z, and the vehicle’s moment of
inertia is I = diag([Ixx, Iyy, I,,]). The moments of inertia
for the propulsion unit and its base in the p-frame and
b-frame are denoted as PI, = diag([PLxxp,® Iyyp,® Luap))
and pr = diag([" Xxp,b Iyyp,b 1,,p]), respectively. The
fuselage’s moment of inertia is It = diag([Ixxt, Lyyt, Losf]),
and the half wheelbase is indicated by [. Lastly, za specifies
the maximum depth that ensures the propellers are exposed
to the air.

In the context of hydrodynamics, the parameters related to
added inertia resulting from acceleration, denoted as Xy, Y5,
Ly, Ky, Mg, N;, are of significant importance. Additionally,
the damping coefficients, denoted as X, Y5, Zy, K, M,
N, are also crucial hydrodynamic parameters.

Furthermore, we define M as the inertial matrix, C as
the Coriolis/centripetal matrix, D as the damping matrix,
g<r>(n) as the generalized restoring force matrix. The
vector of generalized force and moment is denoted as T<x-~,
and the input matrix is denoted as By~ (8), and the
unestiblished model, and the external disturbance is denoted
as Ta, and the input is denoted as u equaled to the square of
the rotation speed of motors @? (i € {1,2,3,4}). Moreover,
the force/torque coefficients of the motor are denoted as
Kp~>7 and K~ \. Besides, we also define the forces and
moments in each axis as [Fp, Tp|T =[X Y Z K M N|T,
and the force and torque generalized by each actuator as f;
and 7;. Here, the index of different medium denotes as k,
shown as

< k >€ {0: air,1 : water}. 4
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Fig. 3: Geometrical relations of Mirs-Alioth: (a) is the front view. (b) is the side view. (c) is the top view.

And e, denotes the unit directional row vector for each
state, where e,, €4, eg and ey, are linearly independent, for
example, e, = [1 111, e4 =e, =[-111 —1], ey =
—ex=[-11 —-11],andey=[11 —1 —1].

III. MODELING

In this section, a comprehensive model for Mirs-Alioth un-
der discrete events, like in aerial and underwater. Moreover,
due to the servo actuation, the vehicle can alter the thrust
direction, causing changes in the model due to morphability.
However, given the relatively slow maximum underwater
speed, we neglect the hydrodynamic effects caused by
changes in the thrust direction in this modeling phase.

A. Comprehensive Model

The system model of Mirs-Alioth can be expressed in
a general form that accommodates both aerial and aquatic
modes, as shown in Fig. 4. Notably, medium-dependent
changes only affect the dynamical model, whereas the kine-
matics model remains independent of such changes. And it
can be represented as

Ml‘/+CV+k'DV+g<k>(”]):T<k> + TA, (5)

n=Jv, (6)
with
M = Mgg + k- Mapp, (7
C =Cgrs+ k- Capp, ®)
Teis> = [Fy Tp)" = Bops (B)u. 9

To provide a more comprehensive understanding, we de-
rive a generalized control effectiveness matrix (CEM) that is
applicable to both aerial and aquatic modes, it yields at

CBK<I€>T T €x
cgKcp>m - ey
B> (8) = V2| —V2spK s - ey
<k> 2 kick>(B) - o ’
ka<i>(B) - €

V2ksers(B) - ey

(10)

with

kicks(B) =1-s3- Kopst+cg(Kapsm— 2K <p>1), (11)

States

b |

By(B) / \
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Fig. 4: Hybrid system model framework.

kocks(B) = =155 - Kopst + cg(Kaksm + 2K <p>1),
(12)

k‘3<k>(5) = K>l cg — Sp - Kopon, (13)

where k; <~ (B) is the coefficient of the body moment, and
the force/torque coefficient of the motor denoted as K>t
and K <k>M-

Moreover, the generalized restoring force matrix can be
organized as

(G — k- B)Sg
—(G — k- B)cgsy
—(G — k- B)cgey
—AzB - cgsg
—AzB - S
0

g<i>(m) = (14)

Besides, the model switching logic is determined by depth
event, detailed as

z >0, Aquatic Mode, (15a)
za > z > 0, Aquatic Mode (By), (15b)
z < 0, Aerial Mode. (15¢)

Undoubtedly, when the vehicle operates within a single
medium, the model is either aerial or aquatic. However,
during the transition from one medium to another, due to
the propeller’s position above the vehicle’s origin, there is a
phase where the propulsion unit’s model remains aerial while
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the body of the vehicle operates under aquatic conditions,
which is the design principle illustrated in (15b).

B. Modeling of Morphing Part

Although we assume the hydrodynamic effects due to
deformation are negligible, the changes in the rigid body
model parameters caused by the vehicle’s deformation cannot
be overlooked. Specifically, the vehicle’s center of gravity
and buoyancy will vary with changes in the thrust tilt angle,
and this relationship can be described as follows:

Az(B) = 2(B) — 25(B), (16)
2(8) = 4Vp(szZ€/++d(‘)/)}+ Vbef, a7
p
2 () = dmyp (zgpsp + do) + (m — 4mp)zgf' (18)

m

As illustrated in Fig. 3, the geometry relations, influenced
by varying thrust tilt angles, can be detailed as follows

dy = /&2 1 AL, (19)
dy = \/c2 + Ad?, (20)
dy = 1/ (2gpCs)? + 12, @1
where
Cx = sin(g - arctan(zgscﬂ ))d,, (22)
ey = cos(% — arctan(zgll’cﬂ ))ds, (23)
Ad = zgpsp + do — 25(B). (24)

Furthermore, the moment of inertia experiences notable
changes with adjustments in thrust tilt angles, and this
relationship, along with the geometrical relations, can be
elaborated on in detail,

Ixx =lxxt + (m - 4mp)(zgf - Zg(ﬁ))z

25
+ 4(P Ly + mpd?), (23)
Iyy =Ty + (m — 4mp)(zgf - Zg(ﬁ))Q

b 9 (26)

+ 4P Lyyp + mpdy)-
IZZ =lgzzf + 4(bIZZp + mpdg) (27)

where

"I, =Ry I, R’ (28)

C. Modeling of Aerial Part

Due to the low viscosity of air, the damping terms caused
by air resistance are often neglected. Substituting k¥ = 0, the
general dynamics model yields at

Mpgpv + Crpv + go(’l']) =70+ TA- 29)

We specify the thrust tilt angle to be fixed at 7/2 in the
aerial mode, because no morphing is considered in the aerial
mode. And the inertial matrix shown in (29) is organized as

m 0 0 0 mAz 0
0 m 0 —mAz 0 0
0 0 m 0 0 0
Mgp = 0 —mAz 0 I 0 0
mAz 0 0 0 Iy 0
0 0 0 0 0 I, |

(30)
Furthermore, the Coriolis/centripetal matrix in the air can
also be represented as Cgrp, and it can be shown in (31).

0 0 0
0 0 0
0 0 0
—mAzr muw m(Azp —v)
—mw  —mAzr m(Azq + u)
muv —mu 0
Crp(v) = mAzr mw —mu
—muw mAzr mu
—m(Azp — v) —m(Azq + u) 0
0 I,r —Iyyq
—1Izzr 0 Ixp
Iyyq —Ixxp 0

(€]

D. Modeling of Aquatic Part

The general dynamics (5) can be transferred into dynamics
for aquatic mode when k = 1, organized as

Mv+Cv+ Dv+gi(n) =11+ Ta. (32)

Unlike the modeling of the aerial part, the dynamics of the
aquatic part should consider the hydrodynamic parameters
owing to the high viscosity of water. Then the added mass
matrix can be organized as

Xi 0 0 0 Y, 0
0 Y. 0 X4 0 0
0 0 Z 0 0 0
Miop==1 o y o k5 o o |- ©¥
X, 0 0 0 My 0
0 0 0 0 0 N

r

Accordingly, the hydrodynamic Coriolis—Centripetal ma-
trix generalized by the added mass matrix (33) can be derived
as

0 0 0 0 —az3 a2
0 0 0 as 0 —aq
. 0 0 0 —Qa9 a1 0
CYADD (V) - 0 —as as 0 —b3 by ;
as 0 —aq bg 0 7()1
—a a1 0 7b2 bl 0
34
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(a) (b) (c)

Fig. 5: Simulation results snapshot in CFD: (a) is the flow fluid test in the z-direction. (b) is the flow fluid test in the
y-direction. (c) is the flow fluid test in the #-direction.

Fig. 6: Experiment snapshots of Mirs-Alioth: (a) is the snapshot of hanging experience. (b) is the comparitive results of
experiments and modeling. (c) and (d) are the snapshots of propulsion unit identification in aerial and aquatic.

®  Experiment —+— Model

®  Exporiment ——+— Model
035
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(a)

Fig. 7: (a) is the enlarged section of the identification setup of the aquatic propulsion unit. (b) is the result of identification and
fitting model for the aquatic propulsion unit. (c) is the result of identification and the fitting model for the aerial propulsion

unit.

with
a1 = Xqu + Xqq,
az = Y;v + Yyp,
az = Zyw,
by = Kpp + Yy,
by = Myq + Xqu,
bs = N;r.

The damping term D neglecting the nonlinear damping is

defined as:
D = diag([ Xy, Yy, Zw, Kp, Mg, Ny]). (36)

IV. SYSTEM IDENTIFICATIONS

In this section, we employ CFD simulations to derive the
hydrodynamic parameters of the vehicle as depicted in Fig. 5.

We set flow velocities in the x, y, and z directions to measure
the corresponding forces, and in the ¢, 6, and ¢ directions
to measure the torques, thereby determining the vehicle’s
damping parameters. Similarly, the added mass parameters
are calculated as well.

For changes in rigid body dynamics caused by morphing,
we use the commonly employed suspension method to
measure alterations in the moment of inertia, as shown in
part (a) of Fig. 6. Furthermore, as illustrated in part (b)
of Fig. 6, a comparison between the theoretical moment of
inertia model and experimental data validates our model,
confirming its accuracy and reliability in representing the
dynamics of morphing parts. Experimental identification of
the propulsion unit’s parameters is also conducted, as shown
in parts (c) and (d) of Fig. 6. Due to high viscosity of water,
the rotational speed of underwater motors is slow, which is
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TABLE I: Model parameters of Mirs-Alioth

Attribute Value
m (kg) 0.7
myp (kg) 0.019
[ (m) 0.125
do (m) 0.082
Zpt (M) 0.0675
Zpp (m) 0.0232
Zgp (m) 0.0550
2gp (M) 0.0264
2¢ (m) 0.0525
B (N) 7.03
Vp (m3) 9.493 x 10=6
Vi (m?) 6.650 x 10~
I; (kgm? diag([0.122,0.104, 0.072])

PI, (kgm?) diag([2.15,2.15,2.68])x 10~

Kot (Nrad—2s572) 1.0989 x 10~
Kom (Nmrad—2s—2) 1.5789 x 10~9
K11 (Nrad—2s572) 0.7041 x 1073
Kiv (Nmrad—2s~2) 0.9160 x 10>
Xy (kgs™1) 7.3339
Yy, (kgs—1) 9.7790
Zy (kgs™1) 10.2610
Ky (kgm?s™1) 0.0037
Mg (kgm?s~1) 0.0040
Ny (kgm?s—1) 0.0127

X4 (k) -0.5495
X4 kg) 3.76 x 103

Y (kg) —4.53 x 1073

Y, (kg) -0.6190

Zy (kg) -0.4608
K (kgm?) -0.0043
My (kgm?) -0.0035
N; (kgm?) -0.0008

problematic for sensors that require speeds above 2000 rpm.
As depicted in (a) of Fig. 7, which is the enlarged part of
(c) Fig. 6, a skeleton plate is mounted on the motor, with a
metal block attached to this plate. Each time the metal block
passes the Hall effect sensor, the rotational speed data are
recorded. This section also features a six-axis force/torque
sensor to gather thrust and torque data. Part (d) illustrates the
conventional aerial identification process, following standard
procedures for air motor identification [18]. And as shown
in (c) and (d) of Fig. 7, the established model can fit the
identification result well. Therefore, the detailed parameters
of the model are illustrated in Table 1.

V. CONCLUSION

This paper has successfully developed the hybrid system
model for the morphable UAAV, termed as Mirs-Alioth, by
incorporating hydrodynamic parameters derived from first
principle. In contrast to other UAAVs currently available, the
adaptability of Mirs-Alioth’s model is significantly enhanced
due to the variable thrust tilt angles. This advancement has
led the research to directly leverage the vehicle’s geometric
features, thereby integrating a dynamic morphing model
into the vehicle’s comprehensive dynamics framework. This
integration facilitates seamless switching between models
suited for different media, an action triggered by variations in
depth. Through rigorous experimentation and the application
of CFD methods, the detailed model has been thoroughly

identified and characterized. While this paper has success-
fully established and validated the mathematical model for
the Mirs-Alioth, some aspects are not considered, such as
the hydrodynamic parameters influenced by morphing parts.
These elements will be a primary focus in future research to
enhance the accuracy of the model.
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